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Abstract

In practice, due to the cost of labeling or tagging, subyectiata is of-
ten used without adjustments for label uncertainty. Thzbfem falls

into the gap between textbook applications of machine Iegrtech-

niques and research level methodology. A variety of apgreatave
been discussed in detail throughout the statistical rebdderature but
more effort could be made to motivate this problem for thectitianer.

This paper lays out basic mathematical arguments and reséali the

analyzing and modeling subjective ordinal response datzeipresence
of label uncertainty.

1 Introduction

Modeling and analysis of subjective ordinal data is pemeagh medical and industrial
settings. Self reporting degree of symptom severity, atalg search engine relevance,
judging product or service quality, are all examples whelgextive ordinal response data
is collected. Often, only one response per case is collentddhe data is aggregated for
discriminating between alternative programs or used famimg prediction functions that
can be used to make better decisions. The problem of errbeilabel assignment process
is typically acknowledged but seems to fall into the gap leetmresearch and practice since
the problem typically isn't treated or discussed in comrgarded textbooks on applied
statistics and modeling.

In practice, one finds commonly held opinions about errowipjective ordinal data that

create barriers to pursuing more advanced methods of amalyd modeling. For hypothe-
sis testing of the superiority of one program or another,tgpially encounters the belief

that label assignment error will be captured by measuringnarease in the observed or
nominal variance. This variance, or general dispersioexcted to appropriately reduce
the significance of statistical tests applied to the datathénnext section, a set of direct
arguments are used to illustrate why this practice is ingate. Some of these argu-
ments are simplifications of the thorough discussion of bayeidentifiability presented

for this problem in [8]. Further, there has been a lot of warkiodeling the error process
via maximum likelihood and applying EM algorithm [3], contpg measures such as
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for observer disagreement [1], or attempting to correcbfgerver bias [9]. Some of this
work has made it into practical settings but often with inpdete success.

For modeling purposes, the error in the data is known to éxisit's assumed that one
can simply “power through the noise” and devise models th#lhfully reflect the true
conditional expectation of the label or associated scaegine features or input variables.
In a later section, it will be shown directly that predictierror is strictly increasing in
the bayes error of the label assignments and thus will seapermanent impediment to
modeling that no amount of data will remove. Remedies amudsed in the final section
but good research has been done on strongly related probleshsas “multiple-label” [5]
(and cited works) or by specializing the approach descritsetearning from an imprecise
teacher” set forth in [2].

The widespread practice of associating scores with thenakdbels and treating the re-
sults as continuous is presented without critique sincefhper is concerned with other
aspects of working with subjective labels. Details on thigctice is reasonable for ma-
chine learning tasks can be found in [4]. In the followingadission, scores and labels,
both observed and true, are drawn from the seted L respectively. Observed elements
from these sets will be designatednd! when necessary to clarify exposition.

2 Label Assignment Error and System Uncertainty

A simple characterization of assignment error is the matriaf conditional probabilities
where, for rowi and columny, Y; ; = p(l,]{;) for observed labdl;, true label;, and with
Yii=1- Z#i Y; ;. The matrixY” can be estimated using a control group of perfectly
labeled cases where for When crossed with the prior thisixmaasures the bayes error
of the labels. The matriX” can be used to calculate the effects of increasing error on tw
important aspects of the distribution: nominal varianceéhef associated scores and total
system entropy. A contrast can also be made betwesimal entropy and system entropy
but later it will be shown that labeling error guaranteestp@sdivergence between them.

2.1 Nominal Variance

The formula for nominal variance of the score distributioveg labeling errorP(S]Y")
requires the prior distribution of labets One can recover the value of the true prior
from Y and the observed prior* by solving the linear systei” 7 = 7*. SinceY 7’ is

a stochastic matrix and assuming tdat(Y) # 0 the existence of a unique solution is
guaranteed. Also, since the observed prior is a probability distribat{@.g. nonnegative
with elements summing to one) the solution will also be a phility distribution. Using
the quantities developed one can write the formula for nainiariance as

V(S;Y,m) = E[S%Y, 7] — E[S;Y, 7] To examine the derivative 6f(S; Y, 7) w.r.t. the
individual cross error termg; ; for j # i

ov(S;Y,m)  OE[S%Y,n] _ OE[S:Y, )2
yi j Y. j 9Yij
2. :
_ OFE[S*Y, 7] —QE[S;Y,W]aE[S’YﬂT]
Y j Oy j

And, using the formulas for the two expected value compan@getriting E[S; Y, 7]):

E[S;Y, 7T] = Zﬂizyi7jsj = Zﬂ'i{si + Zyi’j(sj - 81)}

i

1This is covered in any linear algebra textbook (e.g. [7].



and analogously foE[S*; Y, 7] = 3=, mi{s] + >, vi,j(s7 — s7)}. the expression for
the derivative is given by

oV (S;Y,n)

0Yi, j+i

and withm; > 0 there is simple intuition behind the effects of errogin..;. Whens; > s;
ands; +s; < 2E[S;Y, x| an increase in error will actuallyecrease nominal variance. It's
easy to see the various conditions in which an increase or ewuld increase, decrease,
or result in no change in, the variance.

= 7T7;((8j — Si)(Sj + s5; — 2E[S;K7T]).

2.2 System Entropy

The effects of labeling error on system entropy are morectirgVhen labeling error is
introduced into the system new states are added since thiepsestate for the true label
is split up into multiple compound statesi, j) where true label i$; but observed label is
l;. Introducing this type of error must always increase systeimopy. The initial system
entropy over the labels H(L) = — ", m; logy(m;) so it follows that replacing one of the
termsH (L); = m; log,(m;) in the sum with
H(L); = am;logy(am) + (1 — a)m; logy (1 — a)m;)

for o € (0,1), will increase the sum sincH (L) < —H(L);:

H(L); = amlogy(am)+ (1 — a)mlogy((1 — a)m;) (2.1)

H(L); + mi{alogy(a) + (1 — a)logy(1 — a)} (2.2)
and since the second part of tHe L) is strictly negative the claim is demonstratedux i
the amount of label error accruing to a specific erroneotis ated(1 — o) remaining in the
true state then the effects on entropyH{(L);) are strictly increasing foe: € (0,0.5):2
Finally, this same argument shows that divergence betweanrirmal entropy and system
entropy is true by construction as labeling error is introetlinto the system.
OH(L):
ML~ i (loga(0) — loga(1 — )

Conceptually, it seems clear that while the effects of ii@ing labeling error into the
nominal variance are ambiguous and dependent on assostatexs, priors, etc., the effects
on system entropy are direct and increasing over the ranigeapésting cases.

3 Contrasting Nominal Variance and System Entropy

It's useful to briefly consider three types of symmetric ttakel distributions: uniform,
strong central tendency, and bimodal, to get an intuitiwe fer the proposed divergence
between nominal variance and system entropy. If changesade evenly to both ends
of the distribution then analysis can be done without faotpin the change in the mean.
Essentially, I'm arguing that even with the most well belthdestributions the practice of
using nominal variance for hypothesis testing is faulty.aAming the candidate distrib-
utions can be done with a simple exchange argument sincedatoe results in density
transfer between two ordinal labels)(and their associated score® (Most of the effects
will be at the extremes of the distribution so focus on pafilaloels on the same side of the
mean. Choose two pairs of label$;, [;) and(Ix_,, lx—;) with K the number of labels,
si < 8j,SKk—; < Sk—i, ands; — s; = sx_; — sx—; to ensure that changes k{S] don’t
introduce bias. Focusing on the first pair, and assumingttiea¢quivalent action is taken
on the second pair, the effects on variance of the pairwise between two label§, j) is
proportionat to a simple exchange equatiof(i, j) = m;y; j — m;y,.- Whenf(i, j) > 0.0

2It's reasonable to consider pairwise error only upto 0.5@esierror beyond that indicates more
errors are made than correct assignments and the systeid gigiueverse those labels.
3Since the action is mirrored in the second pair the equatiptuces half the density exchange.



variance will decrease because there is a net flow of evert fraas the outer range of the
distribution towards the center. With this simple equatireasy to see the effects of label
error on the three symmetric distributions:

1. Central Tendency (Unimodal): sineg < 7; variance will increase unlegs ; is
proportionally larger thag, ;.*

2. Uniform: sincer; = w; then symmetric erroy; ; = y;,; will have no effect on
variance whiley; ; > y; ; cases willreduce variance.

3. Bimodal: withm; > m; symmetric errow; ; = y; ; will actually reduce variance.

While system entropy continues to be strictly increasingllicases by the same arguments
used in section 2.2 above. Although I'll defer my discussbiias until a later section |
hope it's clear that asymmetric changes in labeling erndorg, or scores, will all create
bias between the nominal and true distributions since irg@i@ne has no reason to expect
thatS7n = STr*.

4 Label Uncertainty and Hypothesis Testing

At this point it should be clear that doing analysis directtythe observed label and score
distributions requires care. This includes nonparamsetstistics performed on the nom-
inal distribution. Though nonparametric statistics makedistributional assumptions all
statistics require that random fluctuations in the datagefte uncertainty in the system.

Consider hypothesis testing, typically choosing betweerntients based on better ex-
pected scores or ordinal labels, by explicitly taking inbc@unt the matrix of cross error
Y. One way to do that is to avoid direct comparisons betweerimarscores (or functions
thereof) and calculate the probability that, for each caspiestion, one treatment is better
than the other.

4.1 Direct Comparisonsof Single Labels

A basic example of testing over the nominal labels is to camiae results of two treat-
ments,T; and15, overn trials wherel’ ; produces score,; ; and7: ; produces score; ;
(with scores associated via the assigned lahglsind!l; ;.) Since each score is part of a
related pair the series to be testedds; — sy ; fori=1...,n.

A common practice is to treat the difference as continuoukstast whether it is signif-
icantly different than zero usingtatest.> Since the test uses the nominal variance of the
score distribution it will likely overestimate significami the presence of label assignment
error®

A slightly more conservative practice is to create a seriescore differences for each
case and then test for significant difference from zero usimgpnparametric statistical
test. A popular choice for this application is tiilcoxon Signed Ranks Test for Related

Pairs which ranks the difference series and sums the ranks fotiymsind negative cases

“Informally, one often sees central tendency in subjectiginal label assignments precisely
because human assigners are hesitant to apply extrems vetieh effectively results ig; ; > ;.

SLettingd = s2.; — 51,4 the statistic is# wheren is the sample size ang}; is the standard
deviation of the differences.

®Since the variance of thé is a function of the nominal variance of the scoress, 5, =
U%z + a§1 —205,,5, -



(throwing away the zeros) to credfe” and7'~ test valued. With d* andd~ the positive
and negative differences, compute the statistics (stawtith 7") without ranks with

™= % Soor(df| > 1di)+ > I(ldf| > |di |)

iel...,nt | j€l...,nt kel...,n—
with
. =17 = Do (s, — sty > 58— s1))
jEL...,n*t jEl...,nt
and

Z I(|df| > |di|) = Z I(Sii - S;r,i > 81k~ Sop)}

k€el...,n— k€el...,n—

and addn™, wherent = #{d*}, I(z) the indicator function, an@'~ calculated analo-
gously. The order of the scores is reversed in the rhs of Aceghose differences are
negative. When the labels (and associated scores) havetierondicator functions be-
come probabilities. Calculating simple probabilitiestod true labels given those observed
is taken up in the next section.

Another assumption of the Wilcoxon (and other nonparamétsts) is that of.i.d. data
(in the related pairs case one expects that the differenitidsan.i.d.) However, even this
simple assumption could be violated since the distribubicthe difference depends on the
specific labeling error for the associated scores. Even syithmetrical (and equal) error,
the differences between an edge label and its neighbor axk llifferent distribution than
the differences between interior labels. Of course, witlibe assumption of either sym-
metric or equal error there’s no reason to expect the difegs to be.i.d.2 For example,
the most conservative nonparametric procedure is thessigrtest® which in this setting
requires only thé.i.d. assumption.

4.1.1 Computing P(T, > T1) Directly

The correct approach, given label uncertainty, is to comthe probability thaf is better
thanT; given their respective nominal labely Ty ; > T} ;|l1.;,12 ;) for each casé and
then take the expectation over those results to get the fioalpility. Letting! and! be
labels drawn fronT. and the rows and columns Bfthe equation for each case’s probability
is (after dropping the case subscript

P(Ty > Th|ly, o) = Z p(ly,lally, Io) = Z p(l1|h)p(l2ls)

l2,l1|l2>1 l2,l1|l2>1

wherel; andl, represent the true ordinal labels, assumi~ng true labelgdeet treatments
are independent given the observed labels, calculatinhg;) = iy ;/ >, miyi,; using
Bayes rule.

"Technically, thelcoxon test requires that the distribution of the scores be synicand con-
tinuous and since we're taking differences of a finite setooffeés the application of the test is in-
correct. However, in practice one often uses continuoustioims of sets of values to compute each
score. More serious is the frequent violation of symmetrprimctice which is known to violate the
test since it requires that the median be equal to the mean.

8Concretely, the density of a particular difference valagy (5.5) depends on which exact observed
labels are used to generate the value. In general, evengthar interval scores, one can’t expect
P(SQ — 81) P(S3 — 82).

®Binomial test on the counts of positive differences versegative differences.



5 Prediction Models and Subjective Labeling Error

The discussion of learning prediction models over the nairsnores has several pieces.
First, there are the direct effects from the bayes erroruredtin theY” matrix. | will
show, perhaps trivially, that pointwise prediction errestrictly increasing in the amount
of bayes error mass in the off diagonal entried’ofl will discuss this issue in some detalil
since it imposes the most direct limitations on learninghvétibjective labels. Second,
subjective labeling error increases the chance of subaptiariable selection even under
myopic evaluation criteria. For this issue, | will proposemaof a thought experiment and
follow up the analysis in later work. Third, if symmetry inrer conditions are seriously
violated then significant bias may be introduced into thered function with particular
unpredictability when the training cases are observedlugérdimensional feature spaces.
This final issue | simply raise as a possibility and defer itedaliscussion entirely.

5.1 BayesError of Labeling and Prediction Error

The goal of learning a prediction function for the scofegassociated with the ordinal
labels inL) given data measured on a feature spde to approximatés[S| X = x] with

a functionf () that is unbiased and efficient as possible. However, thedmestan do in
the predicting the observed scorgss to provide an efficient unbiased estimﬂ{sS*|X].1°
After using the notational shortcuis| x [S|X = z] = E[S|z] and Vg x (S|X = z) =
V(S|z), the expected pointwise prediction erBP E(x) of this estimate can be written
as

E[PPE(z)] = EW#—wEmd—E@dmﬂ

- 2
Wﬁ@+EKEMﬂ—EMﬂ)]
now removingV (S|z) and focusing and the excess prediction error, over the negiaf
the true scores given, Vg x (S|z), EPE(z) in the second part of 5.3 one gets
2

EPE(x)=E | [ Y p(silz) $ si — Y p(3;]s:)3;

s$; €S §jES

Isolating theE PE(x) and identifyingp(,|s;) value as¥’(4, j) for ¢ and;j indexed intaS,
one can demonstraféP E(z) is a strictly increasing function df (i, j),j # i. Proceed
by focusing on the subset of bayes error between any twosspends;, letp; = Y; ;,
usep(§¢|si) =Y, =1 — Dj, and Ietai = p(81'|],‘) for EPELJ' (.23) is

EPE,; j(z) =FE [{az(& +pi(s; —si)) + j(s; +pilsi — s]))}ﬂ

which, after canceling cross termsa;p;p;((si — s;) + aja;p;pi((s; — s;) leaves only
positive factors for the bayes error termsandyp;

EPE,; j(x) =E [{a?p?(sj —5:)% 4+ adpi(si — s;)°) }]

making EPE; ; strictly increasing irp; andp; for scoress; # s;.

®The regression function which minimizes squared error ¢pgsn . For purposes of this paper
| accept the formulation of the problem as a regression akdadedge that problems may arise in
implementation. This entire formulation of the problemduls the standard sorts of reasoning about
optimal prediction functions explained in detail in [4].



6 Possible Remediesin Learning Prediction Functions

There are several immediate remedies that the practicirpima learning developer can
try in the case of subjective labeling error. One of the dstis to model the uncertainly
in a likelihood setting and then estimate the model pararset@ the following, the as-
signment error information i is used to perform logistic regression in a multinomial
classification directly on the labels.

6.1 Logistic Regression with Noisy Labels

For a case with feature vectdf, denote the assigned scoresaand thetrue label asi;
then consider the conditional probabili(S, | X)) and decompose it as

P(S,L|X) = P(S|L, X)P(L|X) = P(S|L)P(L|X),

where it's assumed that conditional on the true label, tsegasd score is independent of
the feature vector. Therefore, the conditional probapitit the observed pairX, 5) is

P(S|X) = ZPS|L (L|X).

For logistic regression, the conditional probability foxe label is given by [4],

exp(ﬂTX )

P(L = j|X) = .
1+ El 1 exp(ﬁi X)
and )
P(L=K|X)= .
1 + Zz 1 exp(ﬂ;TX)
Now given a set of training paif;, s;),i = 1, ..., N, write the conditional likelihood as

i=1 \l;=1

K
LHBS" A, s HP (silzi) —H ZP(Sillj)P(ljlwi))-

The parameters of the model can be estimated using vasatiche EM algorithm [6].

In the above formulation, it's assumed thts;|/;) has been estimated from subjective
scores against true labels.

6.2 Other Heuristics

Several simple heuristic remedies could be applied thahtrigprove modeling perfor-
mance. One method is to break up each case into a set of wetiglttecases with response
based on the true labgland observed labé} with weightw; = p(l;|l;) and}_, w; = 1.
For the sum of log-likelihood or sum of squares loss this ighting is equivalent to sub-
stituting the expected objective (over the observed lalbetshe true objective.

Adding a indicator variable to the features for each of thelassigners could improve
model estimation. Sinc¥ is the aggregate error in practice it’s highly probable that

dividual biases vary on the part of the label assigners.([9¥jth an indicator for each
assigner the primary features might be less confoundeddwftacts of labeling error. Re-
moving or clustering label classes with high cross errousdheesult in a smaller number



of ordinal classes with lower total cross error. Of courke,¢onclusions and predictions
must still be rich enough to enable the required decisioninggaiasks.

At the design stage, one might build up an ordinal resporadéritrinsically has lower cross
error. For example, eliciting independent votes from mpldtiobservers (e.g. positiveo
opinion, or negative) and counting positives minus negativesitiliccosts will likely be
lower for this type of vote since there are fewer degrees sifament and opt-out. Error
is reduced sinceo opinion will catch some of the ambiguous, presumably high error,
cases and independent votes geometrically reduces thalplibpbof errors across multiple
classes.

7 Conclusions and Further Work

Verifiably correct handling of subjective ordinal resportsga requires one to measure
or account for assignment errors. This paper provides cearonstrations of why one
should characterize and adjust for assignment errors fongnothesis testing or modeling
tasks involving this type of data. Further work can build bis tpaper for an accessible
introduction and motivation for the problem before gointpidetailed remedies for some
of the issues discussed. Specifically, for discriminativasling, the methods explored in
[5] seem very promising for providing a comprehensive mimdgdolution for this problem.
And finally, more work needs to be done to explore and dematestor practitioners the
effects of assignment errors on variable selection and hestienation for popular off-the-
shelf machine learning techniques such as SVM and boostesl. tr
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